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Abstract
A new theory has been advanced, through expressing the vector angular spectrum of the electric
field of a 3D light beam in terms of its s and p polarization components, to describe both the lateral
Goos-Ha¨nchen (GH) effect and the transverse Imbert-Fedorov (IF) effect. From this theory, the
quantization characteristics of the GH and IF displacements are obtained, the Artmann formula for
the GH displacement is derived, and the nature of IF effect is discovered. It is predicted that when
an elliptically polarized light beam is intersected obliquely with a plane interface, the beam itself
is transversely displaced from a reference plane. This displacement is quantized with eigenstates
the opposite circular polarizations and eigen displacements the same in magnitude and opposite in
direction. The maximum of the displacement is as large as the order of the beam waist width.
PACS numbers: 41.20.Jb, 42.25.Gy, 42.25.Ja
1
Introduction.—In 1947, Goos and Ha¨nchen [1] experimentally demonstrated that a to-
tally reflected light beam at a plane dielectric interface is laterally displaced in the incidence
plane from the position predicted by geometrical reflection. Artmann [2] in the next year
advanced a formula for this displacement on the basis of a stationary-phase argument. This
phenomenon is now referred to as Goos-Ha¨nchen (GH) effect. In 1955, Fedorov [3] expected
a transverse displacement of a totally reflected beam from the fact that an elliptical polar-
ization of the incident beam entails a non-zero transverse energy flux inside the evanescent
wave. Imbert [4] calculated this displacement using an energy flux argument developed by
Renard [5] for the GH effect and experimentally measured it. This phenomenon is usually
called Imbert-Fedorov (IF) effect. The investigation of the GH effect has been extended to
the cases of partial reflection and transmission in transmitting configurations [6, 7] and to
other areas of physics, such as acoustics [8], nonlinear optics [9], plasma physics [10], and
quantum mechanics [5, 11]. And the investigation of the IF effect has been connected with
the angular momentum conservation and the Hall effect of light [12, 13]. But the comment
of Beauregard and Imbert [14] is still valid up to now that there are, strictly speaking, no
completely rigorous calculations of the GH or IF displacement. Though the argument of
stationary phase was used to explain [2] the GH displacement and to calculate the IF dis-
placement [15], it was on the basis of the formal properties of the Poynting vector inside the
evanescent wave [14] that the quantization characteristics were acquired for both the GH
and IF displacements in total reflection. On the other hand, it has been found that the GH
displacement in transmitting configurations has nothing to do with the evanescent wave [7].
The purpose of this Letter is to advance a unified theory for both the GH and IF effects
through expressing the vector angular spectrum of the electric field of a 3D light beam
in terms of its s (or TE) and p (or TM) polarization components. From this theory, the
quantization characteristics of the GH and IF displacements are obtained, the Artmann
formula [2] for the GH displacement is derived, and the nature of the IF displacement is
discovered. It is found that when an elliptically polarized light beam is intersected obliquely
with a plane interface, the beam itself is displaced transversely from a reference plane. This
displacement has nothing to do with the evanescent wave and is quantized with eigenstates
the opposite circular polarizations. The eigen displacements are the same in magnitude and
opposite in direction. The IF effect is such a displacement suffered by the totally reflected
beam.
2
General theory.—Consider a monochromatic 3D light beam in a homogenous and isotropic
medium of refractive index n. The beam is intersected with the plane interface x = 0. In
order to have a light beam representation that can describe the propagation parallel to the
x-axis, the vector electric field of the beam is expressed in terms of the vector amplitude








A exp(ik · x)dkydkz, (1)
where time dependence exp(−iωt) is assumed and suppressed, k = ( kx ky kz )
T is the wave





2, superscript T means transpose,
k = 2pi/λ, λ = λ0/n, λ0 is the vacuum wavelength, and the beam is supposed to be well
collimated so that its angular spectral distribution is sharply peaked at point (ky0, kz0) and
that the integral limits have been extended to −∞ and ∞ for both variables ky and kz [17].
When this beam is intersected with the plane x = 0, the field distribution on this plane is
thus





hereafter the integral limits will be omitted as such. The position of the propagation axis of
the beam (1) on the plane x = 0 is defined as the center of gravity of field distribution Ψ






























derivative with respect to kz with ky fixed, and superscript † stands for transpose conjugate.
Since the Fresnel formula for the amplitude reflection coefficient at a dielectric interface
depends on whether the incident wave is in s or p polarization, it is profitable to express the
vector amplitude of the angular spectrum in terms of its two-component form,
A˜ = Ass˜+ App˜, (4)
where As and Ap are its s and p components, respectively, s˜ = ( 1 0 )
T represents the
normalized state of s polarization, and p˜ = ( 0 1 )T represents the normalized state of p
3
FIG. 1: Schematic diagram for the rotation of the vector amplitude A of an arbitrarily polarized
light beam.
polarization. s˜ and p˜ form the orthogonal complete set of linear polarizations. For one
element of the angular spectrum whose wave vector is k0 = ( k cos θ k sin θ 0 )T , where θ is
its incidence angle, its vector amplitude is given by
A0 = ( −Ap sin θ Ap cos θ As )
T .
If the element is rotated by angle ϕ around the x-axis as is displayed in Fig. 1, its vector
amplitude becomes










is the rotation matrix. Vector amplitude (5) is orthogonal to its corresponding wave vector
k = Mk0. With expression (5) for the angular spectrum, we have





























Eqs. (2), (3), (6), (7), and (8) are the central results of this Letter, from which the GH
effect is derived and the nature of IF effect is discovered below in a straightforward way.
GH effect.—Without loss of generality, we consider an arbitrarily polarized Gaussian
incident beam of the following angular spectrum,
A˜i = L˜iA, (9)
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where L˜i = l1s˜ + l2p˜ describes the polarization state of the beam and is required to satisfy






















wy = w0/ cos θ0, wz = w0, w0 is half the width of the beam at waist, and θ0 is the incidence
angle of the beam specified by its propagation axis, the wave vector of which is determined
by
ky0 = k sin θ0, kz0 = 0. (11)
So the incident beam satisfies the normalization condition,
∫ ∫
A˜i†A˜idkydkz = 1. Applying
Eqs. (2), (6), and (7) to A˜i produces the y coordinate of the propagation axis of the incident
beam on the plane x = 0,
〈y〉i = 0.
When the beam is totally reflected, the reflected beam has the following angular spectrum,








describes the polarization state of the angular spectrum, Rs = exp(iΦs) and Rp = exp(iΦp)
are the Fresnel reflection coefficients for s and p polarizations, respectively, and Φs and Φp
are the respective phase shifts in reflection. It is noted that L˜r satisfies the normalization
condition L˜r†L˜r = 1. Since Φs and Φp are all even functions of kz, we have for the y
coordinate of the propagation axis of the reflected beam on the plane x = 0, on applying











It is obviously quantized with eigenstates the s and p polarization states. When function A




are approximately constants in the area in which A(ky, kz) is
5
appreciable, the reflected beam maintains the shape of the incident beam [19] and therefore
Eq. (13) produces the GH displacement of the following form,
DGH = 〈y〉







which leads naturally to the Artmann formula [2] for s or p polarization and agrees well with
the recent experimental results [20, 21]. This equation tells us that the GH displacement
originates from the propagation-direction dependence of the phase shifts in total reflection.
Nature of IF effect.—Now we pay our attention to the more interesting problem, the IF
effect. As before, we first want to find out the z coordinate of the propagation axis of the
incident beam on the plane x = 0. To this end, we express L˜i on the orthogonal complete
set of circular polarizations as follows,
L˜i = c1r˜ + c2l˜, (14)
where r˜ = Us˜ is the normalized state of right circular polarization, l˜ = Up˜ is the nor-







. On applying Eqs. (3), (6), and (8) to A˜i and with the help of Eq.















It is rather surprising that 〈z〉i is not equal to zero as is commonly implied. According
to the wave vector (11) of the propagation axis, Eq. (15) reveals a general property that
when a light beam is intersected obliquely with a plane interface, the plane formed by its
propagation axis and the normal of the interface is transversely displaced from the reference
plane z = 0. In other words, the beam itself is displaced from the plane z = 0. The
displacement is dependent on the polarization state of the beam and is quantized with
eigenstates the opposite circular polarizations. The eigen displacements, ±〈z〉ic, are the
same in magnitude and opposite in direction.
Let us investigate the details of this displacement with the following elliptical polarization,
l1 = cosψ, l2 = exp(−iφ) sinψ, (16)
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where 0 ≤ ψ ≤ pi/2. Then we have















This shows that (i) when the beam is in s or p polarization (ψ = 0 or ψ = pi/2) or in any of
oblique linear polarization (φ = mpi, m = 0,±1,±2...), we have 〈z〉i = 0; (ii) 〈z〉i changes
its sign when the polarization is changed from left ellipse to right ellipse or vice versa (when
φ is replaced by φ+pi); (iii) the magnitude of 〈z〉i is maximum when the beam is in circular
polarizations (ψ = pi/4 and φ = (m+ 1/2)pi) for given θ0; (iv) 〈z〉
i changes its sign when θ0
is changed in sign.
It is helpful to have a look at the dependence of the eigen displacement, 〈z〉ic, on the

















(a) When θ0 is much larger than half the divergence angle, ∆θ = 1/(kw0), the first factor of
the integrand in Eq. (18) can be simply taken out of the integral with ky and kz replaced





. (b) When θ0 is much smaller than
∆θ, 〈z〉ic is in proportion to ky0 and is thus equal to zero at normal incidence (θ0 = 0). (c)
The maximum of 〈z〉ic occurs at about θ0 = ∆θ. An example of the dependence of 〈z〉
i
c on the
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/ λ
FIG. 2: Dependence of 〈z〉ic on the incidence angle in the interval [0
◦
, 1◦].
angle of incidence in the interval [0◦, 1◦] is shown in Fig. 2, where ∆θ = 10−3rad ≈ 0.057◦,
〈z〉ic is in units of λ. It is noted that the maximum of 〈z〉
i
c, being about 102λ, is as large as
the order of w0 = 10
3/k ≈ 159λ.
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Applying the same procedure to A˜r gives the transverse displacement of the totally re-
flected beam from the reference plane z = 0. Such defined displacement is the so-called IF
effect [4, 14, 20, 21]. For the incidence polarization given by Eq. (16), the IF displacement
of the reflected beam is
DIF ≡ 〈z〉















z sin(φ+ Φs − Φp)dkydkz. (19)
The difference between Eq. (19) and Eq. (17) is that the factor sin(φ + Φs − Φp) of the
integrand in Eq. (19) takes the place of the factor sinφ in Eq. (17). Since Eq. (19) holds
whether the beam is totally reflected by a single dielectric interface [20] or by a thin dielectric
film in a resonance configuration [21], it is no wonder that the observed IF displacement in
the resonance configuration [21] is not enhanced in the way that the lateral GH displacement
is enhanced.
When the total reflection takes place at a single dielectric interface and the incidence angle
is far away from the critical angle for total reflection and the angle of grazing incidence in
comparison with half the divergence angle, the first and the last factors of the integrand in
Eq. (19) can be regarded as constants for a well-collimated beam [19] and thus can be taken
out of the integral with ky, kz, Φs, and Φp evaluated at ky = ky0 and kz = kz0, producing
DIF =
sin(2ψ) sin(φ+ Φs0 − Φp0)
k tan θ0
. (20)
This shows that for given θ0, the magnitude of DIF is maximum for circularly polarized
reflected beams (ψ = pi/4 and φ+Φs0 −Φp0 = (m+ 1/2)pi). It also shows that the nonzero
IF displacement in the case of oblique linear polarization of the incident beam (φ = mpi) [4]
results from the different phase shifts between s and p polarizations in total reflection. The
incidence angle dependence ∼ 1/ tan θ0 is in consistency with the recent experimental result
[23]. Since all the previous experiments [4, 20, 21, 23] were performed at incidence angles
that are larger than the critical angle for total reflection, it is no wonder that the measured
IF displacement, being of the order of λ0/2pi, is very small.
Concluding Remarks.—We have shown, through expressing the vector angular spectrum
of the electric field of a 3D light beam in terms of its s and p polarization components, that
the IF effect originates from a mechanism that is quite different from that of the GH effect.
This mechanism can be experimentally tested by the recently established technique [20, 21].
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Of course, the theory presented here can be applied to transmitting configurations and to
transmitted light beams.
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